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Abstract
From experimental spark ignition (SI) engine studies, it is known that the
slow-down of early flame kernel development caused by the (Le > 1)-property
of common transportation-fuel/air mixtures tends to increase cycle-to-cycle
variations (CCV). To improve the fundamental understanding of the complex
phenomena inside the flame structure of developing flame kernels, an engine-
relevant DNS database is investigated in this work. Conclusive analyses are
enabled by considering equivalent flame kernels and turbulent planar flames
computed with Le > 1 and Le = 1. In Part I of the present study (Falken-
stein et al., Combust. Flame, 2019), a reduced representation of the local
mixture state was proposed for the purpose of this analysis. Fluctuations
in heat release rate attributed to differential diffusion were found to be gov-
erned by the parameters local enthalpy, local equivalence ratio, and H-radical
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mass fraction. Here, a coupling relation for the diffusion-controlled mixture
parameter local enthalpy with local flame geometry and structure is derived,
characterized by the key parameters κ and |∇c| / |∇c|lam. The analysis shows
that the large positive global mean curvature intrinsic to the flame kernel con-
figuration may detrimentally affect the local mixture state inside the reaction
zone, particularly during the initial flame kernel development phase. Exter-
nal energy supply by spark ignition may effectively bridge over this critical
stage, which causes the impact of global mean flame kernel curvature to be
small under the present conditions compared to the overall effect of Le 6= 1
observed in a statistically planar flame. Once ignition effects have decayed,
the mixture state inside the reaction zone locally exhibits an identical depen-
dence on |∇c| as in a strained laminar flame. This implies that differential
diffusion effects at Karlovitz numbers representative for part-load conditions
are not weakened by small-scale turbulent mixing, which is undesirable for
the engine application, but can be favorable in terms of modeling.
Keywords: Flame Kernel, Differential Diffusion, Flame Stretch, DNS,
Premixed Flame, Spark-Ignition Engine
1. Introduction
The reduction of cycle-to-cycle variations (CCV) in spark ignition (SI)
engines is a prerequisite for the design and control of engines with increased
efficiency [2, 3] and reduced emissions [4, 5]. From experiments it is well-
known that CCV are correlated with the duration of flame kernel develop-
ment, which was found to be sensitive to stretch effects in Le 6= 1 mixtures [6].
The development of models that capture differential diffusion effects during
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early flame kernel development requires a detailed understanding of the com-
plex parameter interactions inside the unsteady flame structure, which can
be well-addressed by analysis of relevant DNS data. To this end, a DNS
database that was designed to be representative for SI engine part-load con-
ditions is considered in this work. Systematic parameter variations were con-
ducted that facilitate the isolation of effects related to the small flame kernel
size respective of the hydrodynamic length scales, as well as of differential
diffusion effects. The database consists of five different flame configurations,
which have been partly analyzed in previous studies as shown in Tab. 1. To
systematically approach the complexity of early flame kernel development,
the overall analysis has been divided into four parts by sequentially consid-
ering unity- and non-unity Lewis number flames, as well as macroscopic and
micro-scale effects. Run-to-run variations in the global heat release rate of
flame kernels computed in the Le = 1 limit were attributed to the effect of
flame front/turbulence interactions on flame surface area evolution [7]. In a
subsequent study, the investigation of Le = 1 flames with different D0/lt (ra-
tio of the initial flame diameter and the integral length scale of turbulence)
has shown that such variations in the total flame area are caused by stochas-
tic variations in curvature variance due to large-scale turbulent flow motion
with characteristic length scales of at least the flame kernel size [8]. The
present study consists of two parts, where the Le > 1 datasets are analyzed
in detail. In the first part [1], the heat-release-rate response to differential
diffusion effects was analyzed based on the integrated chemical source term,
which has high practical relevance, and based on the local chemical source
term, which was used to identify the governing parameters in Le 6= 1 flames
3
Table 1: Flame realizations available in the overall DNS database.
Number of Cases
Configuration D0/lt Le = 1 Le > 1
Engine flame kernel 0.3 2 4
Large flame kernel 2.0 1
Planar flame ∞ 1 1
Reference [7, 8] [1], this
in a quantitative fashion. In the present second part, the coupling between
the local mixture state, which determines the local heat release rate, and
the flame geometry and structure is established by pursuing a systematic
analytical approach, which will be introduced hereafter.
A reduced representation of the governing phenomena in premixed tur-
bulent flames is provided in Fig. 1 based on c as a synonym for a reaction
progress variable, e.g. a (normalized) temperature or a quantity representa-
tive for the major product species. We begin the discussion of local effects
inside the flame structure that are related to differential diffusion by con-
sidering the impact of the local reaction progress variable source term ω˙c
(cf. 2© in Fig. 1), which is related to the local heat release rate. Heat release
induces a flame normal propagation velocity srn and causes flow dilatation,
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which changes the orientation of the flame front with respect to the flow
field, thus affecting the tangential strain rate at. These quantities enter
the (|∇c|)-Eq., which additionally depends on flame curvature κ. The local
flame structure characterized by |∇c| in turn enters the (κ)-Eq. (through sd),
which describes the evolution of local flame geometry. Obviously, the turbu-
lent flow field plays a vital role in changing both |∇c| and κ, which is here
considered mainly as an external effect on the flame. For a discussion on
Lewis-number-dependent feedback from the flame on the surrounding flow
field, the reader is referred to the studies by Chakraborty et al. [9, 10]. The
effect of the local heat release rate on the evolution of flame structure [11]
and geometry [12] was investigated for different Lewis numbers, including
the correlation between κ and |∇c| [13]. Coupling in the opposite direction,
i.e. ω˙c-response to changes in flame structure and geometry (cf. Fig. 1) has
been mainly discussed in terms of the competition between focusing and de-
focusing of heat and reactants [14–16]. However, this simplified view based
on only two representative scalar fields may not be sufficient to explain all
phenomena in multi-species mixtures [17, 18]. Recently, Wang et al. [19] con-
ducted a parametric study to assess the effect of nominal equivalence ratio on
heat release in high-Karlovitz H2/air flames. Strong variations in heat release
were observed, which correlated with local temperature and local equivalence
ratio. The latter two quantities varied significantly across the reaction zone
due to differential diffusion effects, particularly under ultra-lean conditions.
A reaction pathway analysis revealed the influence of changed radical avail-
ability and reaction rate constants on local heat release. It should be noted
that at very high Karlovitz numbers, molecular diffusion is overshadowed by
5
small-scale turbulent mixing [20], which relaxes the local equivalence ratio
(and enthalpy) towards the nominal values of the unburned mixture, i.e. both
quantities may vary less in flames located in the distributed burning regime
than in laminar flames [21, 22]. However, even at high-Karlovitz conditions,
differential diffusion was found to be important during turbulent flame de-
velopment [23, 24].
Under conventional SI engine part-load conditions, Karlovitz numbers are
actually closer to unity and differential diffusion effects substantially reduce
the global heat release rate during early flame kernel development, as shown
in Part I of the present study [1]. A comparative macroscopic analysis follow-
ing the ( ω˙c)-Eq. in Fig. 1 attributed the detrimental impact of differential
diffusion to the flame normal propagation velocity. A subsequent micro-scale
analysis identified the governing parameters that capture the effect of turbu-
lence on the local reaction progress variable source term ω˙c. Specifically, the
local mixture state that determines ω˙c was shown to be well-represented by
the local equivalence ratio φ, enthalpy h, and the H-radical mass fraction YH.
In the present manuscript, the coupling term between the mixture state
parameters and the local flame structure and geometry is exemplarily de-
rived for the enthalpy equation in Sect. 3. The analysis presented in Sect. 4
demonstrates how the flame-kernel-intrinsic global mean curvature alters the
local mixture state and heat release rate. Further, the effect of turbulence
on the flame structure is shown by relating the behavior of flame kernels to
strained laminar flames.
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2. Summary of the DNS Database
Since the DNS database and solution methods for laminar flames have
been described in Part I of the present study [1], only a brief summary of
the datasets is provided hereafter. In this work, four different flame config-
urations (kernel/planar, Le = 1/Le > 1) are considered (cf. Tab. 1). The
main reference case is a flame kernel developing in homogeneous isotropic tur-
bulence with fully homogeneous, stoichiometric iso-octane/air mixture and
Le > 1. An equivalent dataset has been generated for a statistically pla-
nar flame. Additionally, both flame configurations computed in the Le = 1
limit [7, 8] are available for this study. The flame conditions and non-
dimensional groups are listed in Tabs. 2 and 3, respectively. In Tab. 2, the
mixture thermodynamic state is given by the pressure p(0) and temperature
of the unburned gas Tu with equivalence ratio φu. Note that the turbulent
flow field corresponds to decaying homogeneous isotropic turbulence, which
explains the DNS parameter ranges given in Tab. 3. The turbulent inte-
gral length scale and eddy turnover time are denoted by lt and τt, η is the
Kolmogorov length scale, while the laminar flame thickness and initial flame
diameter are referred to as lf and D0, respectively.
A brief summary of the DNS setup is given in Tab 4. One important
difference between the flame kernel datasets and the planar reference flames is
the initialization method. Flame kernels were ignited by a source term in the
temperature equation, which results in an early growth phase comparable to
engine experiments reported in literature as shown in our previous study [8].
By contrast, a laminar unstretched flame was imposed into the turbulent flow
field as initial condition for the planar-flame DNS to avoid strong dilatation
8
Table 2: Flame conditions in the DNS.
Property Value
Mixture Iso-Octane/Air
p(0) 6 bar
Tu 600 K
φu 1.0 (homogeneous)
s0l 0.73 | 0.63 m/s
lf 69.1 | 71.3 µm
Flow Field Decaying h.i.t.
Combust. Regime Thin Rct. Zones
Leeff 2.0 | 1.0
9
Table 3: Engine [32, 33] and DNS characteristic numbers (Le > 1).
Parameter Engine DNS (tinit − tend)
Ret 100− 2390 385− 222
urms
s0l
2− 15 5.9− 2.8
Ka 1− 6 10.6− 3.2
Da 1− 100 1.9− 4.6
lt
η
100 -200 87.2− 57.2
lt
lf
20− 147 10.9− 13.0
D0
lt
< 1.0 0.3 | ∞
due to the larger burned volume.
3. Mathematical Formulation: Differential Diffusion Effects in the
Enthalpy Equation
Specifically in stretched flames, differential-diffusion induces variations in
element mass fractions (i.e. local equivalence ratio) [37, 38], enthalpy [39]
and radical mass fractions [17, 40, 41] across the flame structure. Con-
sequently, changes in chemical reaction rates and pathways may occur in
presence of strong stretch [19]. In Part I of the present study [1], the com-
bination of (φ, h, YH) was identified as the most suitable parameter set to
capture differential-diffusion-induced variations in heat release rate condi-
tioned on the reaction progress variable, in agreement with existing litera-
10
Table 4: Computational setup of the DNS.
Property Value
Grid Size 9603
Domain Size 15 · lt
Navier-Stokes Eq. Low-Mach-Approx. [34]
Transport Model Curt.-H. [35], const.-Le
Soret Effect yes
Chem. Mechanism 26 Spec., based on [36]
Flame Kernels:
– Initialization – Ign. Heat Source
– Boundry. Cond. – x, y, z-dir.: periodic
– Sim. Time – 1x (tsim. = 3.4 · τt),
– 3x (tsim. = 1.0 · τt)
Planar Flame:
– Initialization – Lam. Flamelet
– Boundry. Cond. – x-dir.: symm./outlet,
– y, z-dir.: periodic
– Sim. Time – (tsim. = 2.8 · τt)
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ture. Recall that in the present DNS database, the unburned mixture is fully
homogeneous, i.e. variations in local enthalpy or equivalence ratio develop
inside the flame structure (with the exception of the initial spark ignition
in case of flame kernels). Hence, the occurrence of inhomogeneous enthalpy
and equivalence ratio is mainly a diffusion-driven flame response to external
changes in flame structure and geometry. In the following, the mathematical
parameter relationship will be derived for the enthalpy in the planar flame
dataset. Similarly, one could consider transport equations for the element
mass fractions as shown by van Oijen and de Goey for a premixed counter-
flow configuration [42], which is not pursued here for brevity. While enthalpy
was not numerically solved for in the present DNS, a formula consistent with
the employed transport model will be derived. We begin with the balance
equation for an enthalpy variable h defined as the sum of the sensible and
chemical enthalpies [43], here simplified for low-Mach-number flows:
∂ (ρh)
∂t
+
∂ (ρujh)
∂xj
=
dp(0)
dt
− ∂qj
∂xj
+ S˙ign
+ τij
∂ui
∂xj
+ q˙rad. (1)
In this work, viscous heating and radiative heat losses have been neglected.
In absence of an ignition heat source and under isobaric conditions, Eq. (1)
can be simplified as follows:
∂ (ρh)
∂t
+
∂ (ρujh)
∂xj
=− ∂qj
∂xj
. (2)
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The enthalpy flux qj is defined as:
qj =− λ ∂T
∂xj
+ ρ
Nsp∑
k=1
hkYkVj,k
=− ρDth ∂h
∂xj
+ ρ
Nsp∑
k=1
[
hk
(
YkVj,k +Dth
∂Yk
∂xj
)]
, (3)
where the relation h =
∑
(Ykhk) has been applied. Note that if a simple
diffusion model of the form Vj,k = −DthLek 1Yk
∂Yk
∂xj
was used and all species Lewis
numbers were equal to unity, the last term in Eq. (3) would cancel out.
The molecular transport expressions employed in this work [7] yield a more
complex net diffusion velocity:
Vj,k = vj,k + v
mc
j
=− Dth
Lek
1
Yk
∂Yk
∂xj
− Dth
Lek
1
W
∂W
∂xj
− DT,k
ρYk
1
T
∂T
∂xj
+
Nsp∑
k=1
Dth
Len
Yn
Xn
∂Xn
∂xj
. (4)
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To obtain a form of the enthalpy equation that explicitly contains the species
Lewis numbers, Eqs. (4) and (3) are combined as:
qj =− ρDth ∂h
∂xj
− ρDth
Nsp∑
k=1
[(
1
Lek
− 1
)
hk
∂Yk
∂xj
]
− ρDth
Nsp∑
k=1
[
1
Lek
Ykhk
1
W
∂W
∂xj
]
+ ρDth
Nsp∑
k=1
[
1
Lek
Yk
1
Xk
∂Xk
∂xj
]
· h
−
Nsp∑
k=1
[
DT,khk
1
T
∂T
∂xj
]
. (5)
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Inserting this expression for the enthalpy flux into Eq. (2) yields:
∂ (ρh)
∂t
+
∂ (ρujh)
∂xj
=
∂
∂xj
(
ρDth
∂h
∂xj
)
︸ ︷︷ ︸
Dh
+
∂
∂xj
(
ρDth
Nsp∑
k=1
[(
1
Lek
− 1
)
hk
∂Yk
∂xj
])
︸ ︷︷ ︸
DLe
+
∂
∂xj
(
ρDth
Nsp∑
k=1
[
1
Lek
Ykhk
1
W
∂W
∂xj
])
︸ ︷︷ ︸
DW
− ∂
∂xj
(
ρDth
Nsp∑
k=1
[
1
Lek
Yk
1
Xk
∂Xk
∂xj
]
· h
)
︸ ︷︷ ︸
Dmc
+
∂
∂xj
(
Nsp∑
k=1
[
DT,khk
1
T
∂T
∂xj
])
︸ ︷︷ ︸
DT
.
(6)
The first term in the r.h.s. of Eq. (6) corresponds to molecular diffusion of
enthalpy and is denoted as Dh. Note that Dh is independent of nonequal
transport properties among different species. Differential diffusion may in-
troduce local variations in enthalpy through DLe, which vanishes in unity-
Lewis-number mixtures. As will be shown below, the remaining three terms
are comparatively less important in the present flame configurations, but do
not cancel out in the limit of mass equidiffusion in an initially gradient-free
enthalpy field. The term DW corresponds to diffusion due to spatial vari-
ations in molecular weight and DT represents thermodiffusion. Since the
applied diffusion model requires a correction term to enforce mass conserva-
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Figure 2: Conditional mean enthalpy transport terms evaluated in a fully-developed planar
turbulent flame with Le > 1.
tion, the associated enthalpy transport appears as Dmc in Eq. (6). All terms
have been evaluated in the planar DNS dataset with Lek 6= 1. The results
shown in Fig. 2 confirm that the differential diffusion term DLe is of leading
order. It is balanced by molecular diffusion of enthalpy through Dh. In order
to further investigate the role of differential diffusion in the present turbu-
lent flames, we seek to identify the governing flame parameters which are
suitable for conditional averaging of the DNS results and enable a rigorous
comparison to laminar reference solutions.
After splitting the species mass diffusion terms into components by normal-
and tangential diffusion [44], the differential diffusion term DLe in Eq. (6) can
be rewritten in terms of the scalar-iso-surface curvature κ(Yk) and the scalar-
16
gradient magnitude |∇Yk|:
DLe =
Nsp∑
k=1
∂
∂xj
(
ρDth
(
1
Lek
− 1
)
hk
∂Yk
∂xj
)
=−
Nsp∑
k=1
(
ρDth
(
1
Lek
− 1
)
hk |∇Yk|κ(Yk)
)
−
Nsp∑
k=1
∂
∂xn,k
(
ρDth
(
1
Lek
− 1
)
hk |∇Yk|
)
(7)
It should be noted that in this work, the curvature κ of iso-surfaces belonging
to any scalar field ϑ is computed from the normal vector ni pointing into the
direction of negative scalar gradient, i.e. flame kernels have positive global
mean curvature:
κ(ϑ) =
∂n
(ϑ)
i
∂xi
, (8)
n
(ϑ)
i =
−1
|∇ϑ|
∂ϑ
∂xi
. (9)
To parameterize differential diffusion under the present engine-relevant DNS
conditions, the turbulent scalar field shall be related to the laminar un-
stretched flame in points where |∇Yk|lam > 0. Further, we assume that
κ(Yk) ≈ κ(T ), (10)
|∇Yk|
|∇Yk|lam
≈ |∇T ||∇T |lam
, (11)
i.e. scalar iso-surfaces are considered to be parallel at a given temperature and
scalar gradients inside the flame structure are proportionally compressed or
expanded if the local flame thickness deviates from the unstretched premixed
flame. Note that a very similar assumption as the latter was previously used
by Lapointe and Blanquart [45] to derive an approximate expression for the
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turbulent burning velocity (cf. Eq. (A.4) therein). It should be noted that in
presence of strong turbulent micro-mixing, the applied analogy to a laminar
reference flame is not expected to hold. Introducing these assumptions into
Eq. (7) yields the approximate differential diffusion term for enthalpy shown
in Fig. 1:
DLe ≈− κ(T ) · |∇T ||∇T |lam
·
Nsp∑
k=1
(
ρDth
(
1
Lek
− 1
)
hk |∇Yk|lam
)
− |∇T ||∇T |lam
·
Nsp∑
k=1
∂
∂xn,k
(
ρDth
(
1
Lek
− 1
)
hk |∇Yk|lam
) (12)
As will be shown below, using κ as a measure for local flame geometry and
|∇ϑ| / |∇ϑ|lam for a representative scalar ϑ to characterize changes in flame
structure with respect to a laminar reference flame works reasonably well
to parameterize differential diffusion under the present engine-relevant DNS
conditions. Obvious choices for ϑ include a reaction progress variable or
the temperature. Here, the temperature is selected for better comparability
with existing literature, since it is commonly used as independent variable in
non-unity-Lewis-number flames. However, this choice does not restrict the
conclusions to this particular progress variable definition.
It should be mentioned that assumptions (10) and (11) are in fact more
restrictive than common flamelet assumptions, which is due to the simplic-
ity of the present analytical approach. Here, we seek to link the evolution
of the mixture state parameter h to only one laminar reference flame solu-
tion, as opposed to a mapping of the full mixture state vector of multiple
flamelet solutions to the turbulent flame based on the local flow conditions.
While Eq. (10) is analogous to neglecting species gradients in ϑ iso-surface-
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tangential directions (∂/∂ϑk << ∂/∂ϑ for k = 2, 3 [46]), the assumption is
here introduced for the entire flame structure, i.e. not limited to the reaction
zone. This is necessary in order to correctly represent differential diffusion
effects inside the preheat region, which may significantly affect the enthalpy
distribution in the reaction zone. In a suitable flamelet formulation [46], the
species solution in composition space can adjust to the local curvature of
the respective ϑ iso-surface, and may yield a modeled species field in phys-
ical space that violates assumption (10). Similarly, the species solution of
a laminar flamelet may respond to changes in scalar dissipation rate such
that assumption (11) is not satisfied by a modeled species field. However, it
should be noted that the coupling between the local mixture state (e.g. h)
and the local flame structure (|∇ϑ| / |∇ϑ|lam) and geometry (κ) here derived
from the separate consideration of molecular diffusion processes in flame nor-
mal and tangential directions in physical space [47] can be analyzed in the
same way by considering the enthalpy equation in composition space. Savard
and Blanquart [46] have shown that a premixed flamelet formulation that ad-
ditionally accounts for the local normal diffusion rate of the representative
scalar ϑ remains valid up to moderate reaction zone Karlovitz numbers of
Kaδ < 10, which supports the present assumptions. For a discussion on
the differences between a parameterization of the local heat release rate by
the diffusion rate, as opposed to |∇ϑ| and κ, refer to Part I of the present
study [1]. Compared to previous work on premixed flamelet equations that
contain the parameters |∇ϑ| [46] or strain [48], and κ, the present analytical
approach pursues a fine-grained, illustrating backward analysis of the gov-
erning parameter interactions from the local heat release rate to the external
19
effect of turbulence.
To demonstrate that the assumptions (10) and (11) hold on average under
the present conditions, both parameters have been evaluated from different
species and based on temperature. Conditional mean results are plotted as
function of the temperature-based quantities in Fig. 3. Note that the data
has been conditioned on non-zero scalar gradients to avoid singularities, but
not on specific temperature iso-levels. The strong correlation between flame
curvatures computed from different quantities (cf. Fig. 3 (a)) confirms the
assumption that scalar iso-surfaces in the same spatial location are mostly
parallel to each other. Similarly, the correlation between scalar-gradient
ratios is shown in Fig. 3 (b). The respective laminar reference gradient is
mapped based on the local temperature value. Although the correlation with
the temperature-based parameter is less strong compared to the curvature
results, the conditional mean gradient ratios evaluated for different species
scatter around the diagonal, which is sufficient for the present analysis. Recall
that the same laminar unstreteched premixed flame is used as reference flame
in all points, i.e. the shown correlations are expected to improve if a higher
dimensional reference flamelet manifold is used.
In this section, the mathematical relation between the local mixture state
(which determines ω˙c) and flame structure and geometry has been derived.
Eq. (12) suggests the following hypothesis for turbulent premixed flames with
Karlovitz numbers not much higher than unity: differential diffusion effects
approach the limit of a laminar unstretched flame, if the curvature is zero and
the local temperature gradient is comparable to the laminar reference flame.
This hypothesis and the actual quantitative effects of differential diffusion in
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Figure 3: Correlation of conditional mean curvatures (a) and mean species-gradient ratios
(b) with the same quantities evaluated from the temperature field (cf. Eqs. (10) and (11)).
Data has been computed for the fully-developed planar turbulent flame with Le > 1.
both the planar-flame and the engine-relevant flame kernel configuration will
be discussed below.
4. Results
Since differential diffusion introduces a strong coupling between the local
mixture state and the flame geometry and structure (cf. (DLe)-Eq. in Fig. 1),
the particular conditions during early flame kernel development require spe-
cial attention. In Sect. 4.1, differences between the flame kernel and the
planar flame configuration that can be attributed to curvature effects will
be investigated. The role of turbulence in changing the flame structure will
be analyzed in Sect. 4.2 by relating the behavior of flame kernels to laminar
flame solutions. Finally, the role of hydrodynamic strain will be discussed in
Sect. 4.3.
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4.1. Combined Effect of Flame Geometry and Structure
In Part I of this study [1] it was shown that the mean heat release rate
conditioned on the reaction progress variable (temperature) is significantly
reduced by differential diffusion effects in the present flames with Le > 1.
Further, the local mixture state at a given progress variable was shown to
be well-represented by the reduced parameter set (h, φ, YH). Here, the dif-
ference between the flame kernel configuration that features positive global
mean curvature due to the quasi-spherical flame shape and the planar flame
configuration will be analyzed. To this end, the evolution of the governing
parameters inside the flame structure of flame kernels will be considered in
a first step.
In Fig. 4, the overall impact of differential diffusion is shown by the results
extracted from the fully-developed planar flames computed with Le > 1 and
Le = 1. In addition, results for flame kernels with Le > 1 are shown. For
a spherical expanding flame with Le > 1 and substantial mean curvature,
one would expect a stronger reduction in heat release rate with respect to
the laminar unstretched limit than in case of a statistically planar flame,
which is confirmed by the flame kernel results extracted at t = 1.92 τt (cf.
Fig. 4 (a)). At this time instant, compared to the corresponding planar flame
dataset, the mixture state inside the reaction zone (indicated by the two
vertical lines) is characterized by reduced levels of both h and φ, as well as
a lower peak H-radical fraction. During the very early phase of flame kernel
development, the detrimental effect of differential diffusion on the heat release
rate is effectively compensated by spark ignition, which leads to an increased
enthalpy level inside the flame structure (cf. Fig. 4 (b)). Additional results
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Figure 4: Effect of differential diffusion on conditional mean heat release rate (a) en-
thalpy (b), local equivalence ratio (c), and H-radical mass fraction (d) as function of
temperature for the planar flames and the Le > 1 flame kernel configuration. The vertical
lines indicate the H2-consumption layer [36]. For the flame kernel results, the earlier two
times are computed with four realizations, the last time with only one.
for curvature, temperature gradient magnitude, and tangential strain rate
across the flame structure that show the effect of high global mean curvature
and spark ignition during early flame kernel development are provided in
Fig. S-1 of the supplementary material.
Since mean flame curvature is an intrinsic property of the flame kernel
configuration, we will now focus on the flame response to local curvature,
and use the findings to estimate the effect of global mean flame curvature
on the heat release rate of flame kernels afterwards. According to Eq. (12),
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differential-diffusion-induced variations in enthalpy across the flame structure
depend on both the local curvature and a representative scalar gradient.
Although κ is not explicitly contained in the second term in the r.h.s. of
Eq. (12), the occurrence of curvature will typically alter both terms due to
the coupling between κ and |∇c| in premixed flames (cf. (κ)- and (|∇c|)-Eqs.
in Fig. 1), which can be partly attributed to the negative correlation between
the tangential strain rate and curvature [26], as shown in Fig. S-2 of the
supplementary material for the present datasets. To assess the development
of the flame structure of the expanding flame kernels after spark ignition,
the mean temperature gradient conditioned on curvature has been evaluated
for the temperature iso-surface corresponding to the maximum heat release
rate in an unstretched premixed flame (‘TmaxHR’). The correlations shown in
Fig. 5 (a) are overall very consistent with the Le > 1 results by Chakraborty
and Cant [13]. For positive curvatures, all flames exhibit a monotonously
decreasing trend. Hence, flame kernels that feature mean positive curvature
as shown by the curvature PDFs in Fig. 5 (b) will on average have lower
temperature gradients compared to the planar flame. With respect to the
spark effect it can be concluded that the initially high gradients observed in
Fig. 5 (a) decay until t = 0.91 τt on the entire TmaxHR-iso-surface under the
present conditions. It should be noted that in the limit of zero local curvature,
the temperature gradient of the turbulent flames is reduced compared to an
unstretched laminar flame. This effect will be attributed to hydrodynamic
strain later on. Keeping the negative correlation between |∇T | and κ in mind,
the combined effect of externally invoked changes in flame geometry (κ) and
structure (|∇T |) on the local mixture state (h, φ, YH) and heat release rate
24
(a)
0.0
0.5
1.0
1.5
2.0
-3 -2 -1 0 1 2 3
〈|∇
T
| m
a
x
H
R
|κ
〉/
|∇
T
| lam
lf · κ [-]
Kernel, t=0.37τLe>1
Kernel, t=0.91τLe>1
Kernel, t=1.92τLe>1
Planar, Le > 1
Planar, Le = 1
(b)
0.0
0.2
0.4
0.6
0.8
1.0
1.2
-3 -2 -1 0 1 2 3
P
D
F
Σ
|T
lf · κ [-]
Kernel, t=0.37τLe>1
Kernel, t=0.91τLe>1
Kernel, t=1.92τLe>1
Planar, Le > 1
Planar, Le = 1
Figure 5: Flame Kernel: Normalized conditional mean gradient as function of curvature (a)
and surface-weighted curvature PDF (b). Data has been conditioned on TmaxHR. For the
flame kernel results, the earlier two times are computed with four realizations, the last
time with only one.
will be analyzed in the next section.
Results for the fully developed planar flames are depicted in Fig. 6. While
the curvature-conditioned mean heat release rates shown in Fig. 6 (a) recover
similar levels as the corresponding laminar unstretched flames in regions
with strong negative curvature (κ < −1/lf), differential diffusion leads to a
pronounced negative correlation between curvature and the chemical source
term in flame regions with moderately negative as well as positive curvature.
This characteristic behavior of Le > 1 flames has very strong negative conse-
quences for the heat release rate of flame kernels with positive global mean
curvature, which will be quantified below. Note that in the planar turbulent
flame with Le > 1, even flame regions with zero curvature exhibit detrimen-
tal behavior in terms of the desirable high burning rate for engine applica-
tions. This reduction in heat release rate compared to a laminar unstretched
flame is due to the presence of hydrodynamic strain, which is indicated in
Fig. 6 (a) by the laminar data point extracted from a back-to-back counter-
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flow flame (c.f.f.) solution. The strained laminar flame solution has been se-
lected based on the condition |∇T |maxHR,cff = 〈|∇T | | (T = TmaxHR, κ = 0)〉
and will be analyzed in more detail in Sect. 4.2 (also refer to Fig. S-3 in
the supp. material). In both the laminar strained as well as the turbulent
flame, the reduction in heat release rate can be explained by the differential-
diffusion-induced decrease in enthalpy and equivalence ratio compared to the
laminar unstretched limit (cf. Fig. 6 (b)), i.e. by the second term in Eq. (12).
Recall that the transport equations of both quantities do not have a chem-
ical source term (cf. Eq. (6)), but there is a coupling with the heat release
rate through the (|∇T |)-Eq. as shown in Fig. 1. The reduction in YH shown
in Fig. 6 (b) is another causal effect for lowering the heat release rate at
the considered iso-temperature level TmaxHR. However, the quantitative re-
lation between ω˙T |T and the parameters (h, φ, YH), which were found to
well-parametrize the heat release rate across the entire flame structure (cf.
Part I [1]), shows that the influence of the H-radical mass fraction is much
lower than that of h and φ (cf. Fig. S-4 of the supp. material). With respect
to the curvature PDFs plotted in Fig. 6 (PDFΣ|T : surface-weighted PDF,
conditioned on T = TmaxHR), differential diffusion is shown to cause a distri-
bution with shorter tails in the engine-relevant, Le > 1 case, consistent with
the analysis by Alqallaf et al. [12]. Between the 10th and 90th percentile of the
Le > 1 curvature distribution, the normalized enthalpy and local equivalence
ratio vary in the ranges h/hlam = 0.97...0.63 and φ = 1.05...0.81, which are
strong deviations from the Le = 1 limit with h/hlam ≈ 1 and φ ≈ 1. Since the
key difference between the considered planar flames and the engine-relevant
flame kernel configuration is the curvature distribution (cf. Fig. 5), the effect
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Figure 6: Planar Flame: Conditional mean heat release rate (a), enthalpy, local equivalence
ratio and H-radical mass fraction (b) as function of curvature. Both panels additionally
show the curvature PDF. Data has been conditioned on TmaxHR. ‘C.f.f.’ means counterflow
flame.
on the mean heat release rate will be estimated in the following.
The curvature distribution of flame kernels exhibits positive mean curva-
ture, which is expected to reduce the mean heat release rate due to differential
diffusion effects (cf. Fig. 6 (a)). Further, the very early phase of flame ker-
nel development is characterized by the occurrence of skewness towards high
positive curvature, which has been previously shown in the Le = 1 limit [8]
and is confirmed in Fig. S-5 of the supplementary material for the present
Le > 1 datasets. To investigate the impact of the curvature distribution, we
have convoluted the curvature-conditioned mean heat release rate of the fully
developed planar flame that was shown in Fig. 6 (a) with three different cur-
vature distributions: i) the actual curvature PDF of the Le > 1 flame kernel
configuration (four realizations), ii) the time-varying curvature PDF of the
planar flame (to assess the effect of the kernel’s mean positive curvature),
and iii) an artificial curvature PDF generated from the PDF of the planar
flame, but shifted to the same mean curvature as the flame kernel and renor-
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malized (to test the effect of positve curvature skewness). This procedure has
been repeated for a sequence of time instances during early flame develop-
ment, while keeping the conditional mean heat release rate constant. Hence,
the effect of mean curvature intrinsic to the flame kernel configuration on
the mean heat release rate can be separated from differences in curvature
PDF shape and spark effects. Additionally, this approach may be a first
estimate for the performance of an ideal model that approximates the global
heat release rate of flame kernels based on the mean flame kernel curvature
and statistics of a fully developed planar flame, which is further investigated
in Appendix A. The mean heat release rates resulting from the convolution
on the TmaxHR-iso-surface are shown in Fig. 7 as function of time. According
to this estimate, mean curvature may have a significant effect on the mean
heat release rate during the very early phase of flame kernel development.
However, it was shown in Fig. 4 (a) that spark ignition initially leads to a
higher heat release rate than in the planar flame, which is not accounted
for in Fig. 7. This means that the initially strong detrimental effect of dif-
ferential diffusion induced by high positive mean curvature of flame kernels
(cf. Fig. 7) is effectively compensated by external enthalpy supply under the
present conditions. After a time of t ≈ 0.5 τt is reached, the reduction com-
pared to the developing planar flame amounts to approximately 10 %. Since
the same applies for the planar-shifted PDF convolution, this reduction is
only the effect of mean curvature of the kernel and the positive curvature
skewness has only a minor effect. Also note that after t ≈ 0.5 τt, the relative
difference in mean heat release rate between the flame kernel and the pla-
nar flame estimated in Fig. 7 and observed at TmaxHR in Fig. 4 (a) are very
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Figure 7: Convolution of different time-varying curvature distributions with the condi-
tional mean heat release rate of a fully developed turbulent planar flame with Le > 1 (cf.
Fig. 6 (a)). Data has been conditioned on TmaxHR.
similar, which supports the validity of the preceding analysis.
Hence, it can be concluded that compared to the overall effect of differen-
tial diffusion reflected by the difference between the Le > 1/Le = 1 planar-
flame results in Fig. 4 (a), the additional reduction in mean heat release rate
due to to positive mean curvature of flame kernels is rather small, thanks to
initial ignition energy supply. It should also be noted that the minor influence
of the PDF-shape on the mean heat release rate does not imply that charac-
teristic kernel/turbulence interactions are per se irrelevant for flame kernel
development. In fact, the skewness of the curvature distribution might be an
indicator for extinction tendency in the broken kernel regime [49–51], which
is a topic suggested for future work.
4.2. Dependence of (h, φ, YH) on Local Variations in Flame Structure for a
given Curvature
According to Fig. 1, the local heat release rate is determined by the local
mixture state, characterized by the parameter set (c, h, φ, YH). For Lek 6= 1,
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h has been shown to be coupled to the local flame structure (|∇c|) and
geometry (κ) through the (DLe)-term in the enthalpy transport equation (cf.
Eq. (12)). While the role of flame curvature has been already discussed in
Sect. 4.1, the objective here is to quantify the effect of externally invoked
changes in |∇c| due to hydrodynamic strain (cf. (|∇c|)-Eq. in Fig. 1). In the
limit of κ = 0, this analysis can be consistently applied to turbulent flames
and the laminar counterflow flame (c.f.f.) configuration, which has been
already used as a reference solution in Fig. 6. In the following sections, we
will first show how the planar flame compares to the laminar counterflow
configuration and relate flame kernel development to the fully developed
planar results afterwards. For clarity, the analysis will be limited to the
TmaxHR-iso-surfaces.
In Fig. 8, the flame structure of both turbulent and laminar flames is pa-
rameterized by |∇T |, which is analogous to employing the scalar dissipation
rate χT for modeling purposes [52]. It is shown that in the fully developed
planar flame with Le > 1, local regions with zero curvature on average ex-
hibit ω˙T and (h, φ, YH) dependencies on |∇T | that are almost identical to the
laminar premixed counterflow configuration. If differential diffusion effects
were significantly reduced by small-scale turbulent mixing, the slope of the
conditional means would approach the plotted Le = 1 results [22, 46, 53].
This is an important finding since the Karlovitz numbers in the present
datasets are located in the upper range of conventional SI engine part-load
conditions. Note that the behavior of an unstretched laminar flame is locally
recovered for |∇T | = |∇T |lam, which confirms the chosen parametrization
derived from the (DLe)-Eq. The unconditional mean value plotted as open
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square symbol at |∇T | / |∇T |lam ≈ 0.7 in each subfigure marks the unfa-
vorable conditions found on average near TmaxHR-iso-surface elements with
κ = 0 (also cf. Fig. 6). As a remark to the shown correlations for a constant
iso-temperature, it should be mentioned that each quantity may respond to
strain by changes in the overall magnitude, or by qualitatively changing its
distribution across the flame structure towards lower/higher temperatures
(cf. Fig. S-3 in the supp. material).
Regarding the conditional |∇T |-PDFs (PDFΣ|T, κ: surface-weighted PDF,
conditioned on T = TmaxHR and κ = 0) shown in Fig. 8, large variance can be
observed in the Le > 1 flame, besides the significantly reduced mean value
compared to the Le = 1 dataset. The large variance can be explained by
the strong coupling between flame structure and geometry with the local
mixture state by differential diffusion as sketched in Fig. 1. Any change in
scalar gradients may trigger changes in enthalpy and local equivalence ratio
(cf. (DLe)-Eq.), which cause direct response in heat release rate. Since scalar
gradient production depends on dilatation through the tangential strain term
(cf. (|∇c|)-Eq.), a wider gradient distribution can be expected in Le 6= 1
flames. In the Le = 1 limit, external changes in |∇T | or κ trigger only minor
variations in the local mixture state due to the Soret effect since the (DLe)-Eq.
vanishes.
Now that relationships between the canonical configuration of a fully de-
veloped turbulent planar flame and strained laminar flame characteristics
have been established, we seek to connect early flame kernel development to
the planar-flame results. Recall that in contrast to the afore-discussed planar
flames, flame kernels were ignited with a volumetric heat source of spherical
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Figure 8: Planar Flame: Conditional mean heat release rate (a), enthalpy (b), local
equivalence ratio (c), and H-radical mass fraction (d) as function of normalized gradient.
Data has been conditioned on TmaxHR and κ = 0.
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shape, which provides excess enthalpy (cf. Fig. 4 (b)) and high scalar gra-
dients (cf. Fig. 5). In Fig. 9, the mean heat release rate and mixture state
parameters conditioned on |∇T | are shown for three different time instances
of flame kernel development. As before, the data has been conditioned on
(TmaxHR)-iso-surface elements. Here, the data has been conditioned on the
respective flame-averaged curvature 〈κ〉, i.e. for the planar flame the same
data as in Fig. 8 is shown due to 〈κ〉 = 0. First, we focus on the devel-
opment of the flame structure in time. The results in Fig. 9 suggest that
on average, the dependence of the heat release rate and the H-radical mass
fraction on |∇T | barely changes over time. This can be explained by the cou-
pling between the heat release rate and the evolution of scalar gradients (cf.
(|∇c|)-Eq. in Fig. 1), and by the fact that YH contains the chemical response
to changes in the local mixture state. By contrast, the diffusion-controlled
parameters enthalpy and local equivalence ratio that do not have a chemical
source term in their transport equation exhibit strong deviations during the
early kernel development phase. Spark ignition initially supplies the flame
structure with excess enthalpy leading to high heat release (cf. open circle
in Fig. 9 (a)) and produces large gradients, as indicated by the |∇T |-PDF
at t = 0.37 τt. The initial deviation of the local equivalence ratio from the
planar flame results (cf. Fig. 9 (c)) is likely due to the development of the
characteristic species distribution inside the highly curved flame structure
in presence of large temperature gradients generated by spark ignition. At
t = 0.91 τt, the correlations with |∇T | are overall fairly similar to the devel-
oped planar flame. However, the gradient distribution indicates generally
reduced gradients, which is due to the presence of mean flame curvature (cf.
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Fig. 5). At t = 1.92 τt, a tendency towards the gradient distribution of the
developed flame can be observed, but still with significantly higher proba-
bility of low gradients. In summary, the Le > 1 flame kernels approach very
similar conditional dependencies as the planar turbulent and strained lami-
nar flames, after the initial non-equilibrium correlation between κ and |∇T |
imposed by spark ignition has decayed within less than two laminar flame
times. Differences between the iso-surface averaged quantities in the flame
kernel and the planar flame configuration can be attributed to the overall
larger flame thickness caused by the positive mean flame kernel curvature.
4.3. The Role of Hydrodynamic Strain in the Limit of Zero Curvature
The preceding analyses were focussed on the coupling between flame-
internal parameters, i.e. quantities that respond to changes in heat release
rate either due to a non-negligible chemical source term in their transport
equation (e.g. (|∇c|)-Eq.) [26, 54], or due to a strong heat-release-rate depen-
dence of at least one of their key parameters (cf. (DLe)-Eq.). Here, the flame-
external effect of turbulence on the coupled convection/reaction/diffusion
system will be discussed. Specifically, the tangential strain rate in the (|∇c|)-Eq.
will be considered as a major entry point of hydrodynamic strain into the
flame structure. For the sake of generality, the limit of zero curvature will be
investigated in the planar flame datasets, which is consistent with the results
presented in Fig. 8 and enables a phenomenological comparison to strained
counterflow flames. It should be noted that in such canonical, steady flame
configurations, the mass flux variation through the flame is proportional to
the tangential strain rate [26, 42]. However, it was found that even in steady
flames, the parameterization of the burning velocity in terms of the strain
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Figure 9: Conditional mean heat release rate (a), enthalpy (b), local equivalence ra-
tio (c), and H-radical mass fraction (d) as function of normalized gradient. Data has
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results, the earlier two times are computed with four realizations, the last time with only
one.
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rate is non-unique, i.e. differs in back-to-back as opposed to fresh-to-burned
counterflow flames [55, 56], at least for high strain rates. In turbulent flames,
some correlation between the local heat release rate and the tangential strain
rate was observed in unity-Lewis-number flames [57, 58]. By contrast, DNS
results for flames with Lewis numbers significantly different from unity in-
dicate only a very weak correlation [1, 46], in particular at high Karlovitz
numbers [53]. However, the role of strain has been mainly discussed based
on flame data extracted at one or multiple fixed instants of time in a Eule-
rian reference frame. In this section, results will be provided that suggest
to investigate the local impact of strain at given flame particle locations by
means of time series analyses in a flame-attached reference frame, particu-
larly in highly unsteady flames with Le 6= 1. The following considerations
are motivated by the significant global net effect of hydrodynamic strain on
the flame structure in the present Le > 1 dataset that was shown by the low
averaged heat release rate at κ = 0 in Fig. 6 (a).
We begin the forward analysis of turbulence effects on the flame structure
from the tangential strain rate at in Fig. 1. In absence of a heat-release-rate
response to strain that would alter the displacement speed, and in the con-
sidered limit of κ = 0, the (|∇c|)-Eq. suggests net production of |∇c| by ex-
tensive (positive) tangential strain. This is demonstrated in Fig. 10 (a) by a
strong positive correlation between |∇T | and at for the Le = 1 dataset, which
was shown to exhibit only small fluctuations in the local heat release rate [1].
Note that the temperature iso-surface corresponding to the maximum tem-
perature gradient magnitude in the laminar unstretched premixed flame was
chosen for evaluation, since the slope of |∇T | in temperature space is rather
36
small at this iso-temperature, which should reduce the scatter due to possible
shifts (in temperature space) of the local flame profiles. For Le > 1, |∇T |
is seemingly independent of at as shown in Fig. 10 (c). This very different
behavior compared to the Le = 1 dataset is not surprising, since the initial
assumption of a small heat-release-rate response to strain does not hold for
the Le > 1 flame. Note that the flame-external effect of strain is very sim-
ilar in both flames, which is shown by the marginal strain PDFs provided
in Fig. S-6 in the supplementary material. In order to investigate the effect
of heat release on the strain dependence of |∇T |, the joint-PDFs evaluated
for the iso-temperatures corresponding to the maximum heat release rate in
the respective laminar unstretched flames are shown in Fig. 10 (b,d). The
comparison of both datasets indicates that in the Le > 1 flame, production
of |∇T | by positive hydrodynamic strain is overshadowed by the secondary
effect of heat release-rate-response to strain, which leads to a weak negative
correlation between |∇T | and at. This hypothesis will be analyzed in more
detail hereafter by considering the correlation between the local heat release
rate and strain. In Part I of the present study [1], an optimal estimator anal-
ysis has shown that in the Le = 1 limit, the parameterization of the local
heat release rate with the external effect of at for a given temperature and
flame curvature is as well-suited as using the flame-internal parameter YH at
a given temperature. For Le > 1, the flame-external parameter at (in com-
bination with (T, κ)) results in a substantially higher irreducible error than
any of the tested flame-internal parameters. In the present limit of κ = 0,
T = TmaxHR,lam, the correlation between ω˙T and at is indeed weak for Le > 1,
but obviously negative as shown in Fig. 11 (b). This is consistent with re-
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Figure 10: Planar Flame: Joint-PDFs of the temperature gradient magnitude and the tan-
gential strain rate for the Le = 1 dataset (a,b) and the engine-relevant Le > 1 flame (c,d).
The iso-temperatures T0 and TmaxHR correspond to the maximum temperature gradient
and maximum heat release rate in the corresponding laminar unstretched premixed flames,
respectively. The data has been conditioned on κ = 0.
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sults from a thermo-diffusively stable H2/air flame by Chen and Im [40],
which were extracted from flame regions with negligible curvature. Phe-
nomenologically, the negative correlation between ω˙T and at will feed back
into the (|∇c|)-Eq. leading to a closed-loop system characterized by multiple
timescale ratios, such as the strain Karlovitz number Kas = tf · at [25], and
diffusive Damko¨hler numbers for the governing parameters (e.g. (h, φ, YH)),
which could be based on a scalar dissipation rate [59], or a relevant diffusion
term [60]. Finally, it should be noted that the minor variation in ω˙T shown in
Fig. 11 (a) confirms the initial assumption of small heat-release-rate response
for the Le = 1 flame.
To summarize, the cause-effect loop inside the flame structure (cf. Fig. 1)
of a turbulent planar flame with Le > 1 has been discussed in terms of the
tangential strain rate, which is here considered as an external effect. Any
change in local strain is expected to propagate through the coupled system
of governing flame parameters, which all change based on their own char-
acteristic time scales. It is believed that the weak correlation between the
heat release rate and the tangential strain rate in Le 6= 1 flames is a result
of this rather loose coupling, which will require deeper analyses to allow for
quantitative conclusions. A possible starting point is a flame particle analy-
sis [59, 61] that provides access to the time histories of the flame parameter
balance equation terms along flame particle trajectories, which is a topic
suggested for future work.
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Figure 11: Planar Flame: Joint-PDFs of the heat release rate and the tangential strain rate
for the Le = 1 dataset (a) and the engine-relevant Le > 1 flame (b). The iso-temperature
TmaxHR corresponds to the maximum heat release rate in the corresponding laminar un-
stretched premixed flames. Data has been conditioned on κ = 0.
Conclusions
Since experimental SI engine studies have provided evidence that differ-
ential diffusion effects in fuel/air mixtures with Le > 1 lead to an increase in
CCV, it is desirable to assess the impact already during engine design. To
enable the development of models that capture such fuel effects on CCV, the
intention of the present work is to improve the understanding of the complex
phenomena inside the flame structure during early flame kernel development.
To this end, a DNS database designed to be representative for engine part-
load conditions has been analyzed in detail according to a suitable expression
for the coupling between the local mixture state and the flame geometry and
structure. Flame kernel results have been related to canonical turbulent and
laminar flame configurations to enhance generality and increase the relevance
of the present findings for future modeling efforts. Specifically, the following
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conclusions can be drawn:
– The key mathematical expression that characterizes differential diffu-
sion effects under the present engine-relevant (part-load) conditions is
Eq. (12). If non-zero, this term leads to a two-way coupling between the
local heat release rate and the flame geometry expressed by curvature,
and flame structure expressed by a scalar gradient magnitude. In the
limit of Le = 1, the local mixture state is barely affected by flame geom-
etry and structure sinceDLe = 0, i.e. there is mainly a one-way coupling
from the heat release rate to scalar gradients and curvature (also refer
to Part I [1]). The substantially larger number of involved diffusive
and hydrodynamic time and length scales may explain the excessive
variance in heat release rate associated with the two-way-coupled sys-
tem [1]. Further, the (DLe)-Eq. suggests two flame parameters for the
analysis of differential diffusion effects, κ and |∇T | / |∇T |lam.
– It has been shown that the global mean curvature of flame kernels
reduces the mixture state parameters (h, φ, YH) inside the reaction zone,
which lowers the heat release rate and scalar gradients. This effect is
most pronounced during the initial phase of flame kernel development
and can therefore be effectively compensated by ignition energy supply.
After ignition effects have decayed, the effect of mean kernel curvature
turned out to be small compared to the overall reduction in heat release
rate due to Le > 1 observed in a statistically planar flame (under the
present conditions). However, the effect of global mean curvature is
dominant over the impact of the characteristic curvature PDF shape
caused by early flame kernel/turbulence interactions [8].
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– As suggested by the (DLe)-Eq., in case of κ = 0 and |∇T | = |∇T |lam,
the turbulent flames should locally recover the behavior of an un-
stretched laminar flame. This has been confirmed by ω˙T and (h, φ, YH)
dependencies on |∇T | that are almost identical to the laminar pre-
mixed counterflow configuration, which indicates that differential dif-
fusion effects are not weakened by turbulent micro-mixing under engine
part-load conditions. This finding is consistent with previous results
by Savard and Blanquart [46].
– By considering turbulent planar flame elements with zero curvature,
hydrodynamic strain was shown to substantially reduce the heat re-
lease rate in the Le > 1 flame on average. However, the local tangential
strain rate at a given point in time was found to be only weakly corre-
lated with the local heat release rate for Le > 1, which is in agreement
with previous studies [46, 53]. Here, it is argued that strain alters
the two-way coupled system [|∇c| − (T, h, φ, YH)− ω˙c − |∇c|] mainly
through the (|∇c|)-Eq., which in turn contains the heat-release-rate
response. Since the dynamic propagation of strain effects through the
coupled system of governing flame parameters is characterized by sev-
eral hydrodynamic, diffusive and chemical time scales, it is suggested
to investigate the effect of strain on unsteady Le 6= 1 flames by means
of time series analyses in a flame-attached reference frame in the future.
– The presented parameter correlations for the flame structure of flame
kernels overall recover the behavior of the fully developed turbulent
planar flame, after the excess enthalpy and high scalar gradients intro-
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duced by spark ignition have decayed within approximately two laminar
flame times (under the present conditions).
It should be noted that the overall detrimental behavior of the stoichiometric
iso-octane/air flames compared to the Le = 1 reference flames presented in
this work directly translates to common transportation fuels which feature
Lewis numbers larger than unity. Although the Reynolds number in the
present DNS database is at least two times smaller than in practical engines,
the main conclusions should remain valid under more realistic conditions
since the Karlovitz number has been closely matched (cf. Tab. 3). More
detailed investigations on the microscopic role of spark ignition during early
flame kernel development are suggested for future work.
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Appendix A. Assessment of a Mean-Curvature-Based Modeling
Approach
Recall that in Fig. 7, the effect of positive global mean flame kernel cur-
vature on the mean heat release rate of flame kernels has been estimated.
This analysis was based on the convolution of a modified, time varying cur-
vature PDF of the developing planar flame with the heat release rate of
the planar flame in the fully developed limit. In this way, differences in
the curvature distribution between both flame configurations could be iso-
lated from differences in the curvature-conditioned mean heat release rate.
Here, this approach is revisited since it can be relevant for modeling. In
Fig. A.1 (a), the curvature-conditioned heat release rate during early flame
kernel development on the TmaxHR-iso-surface is compared against the pla-
nar flame results that were presented in Fig. 6 (a). Initially, the effect of
spark ignition is dominant, which decays within less than one integral time
scale. Note that for |κ| < lf , the heat release rate of the flame kernels then
drops slightly below the curve corresponding to the fully developed planar
flame that was used for the convolution-based analysis presented in Sect. 4.1.
This might be due to the fact that in the flame kernel configuration, local
flame segments fluctuate around a positive mean curvature with on average
lower mean heat release rate than in the planar flame with near-zero mean
curvature. If the convolution-based analysis approach pursued in Sect. 4.1
shall be extended to flame kernel modeling, the observed discrepancies in
44
the curvature-conditioned mean heat release rate of flame kernels and the
developed flame will lead to inaccuracies, particularly during the early flame
kernel development phase.
In the following, the performance of a model given by the curvature PDF
of the fully developed planar flame, but corrected by the mean flame kernel
curvature, convoluted with the heat release rate of the fully developed pla-
nar flame will be tested. Similar to the analysis presented in Sect. 4.1, the
convolution has been evaluated for both the modeled and the actual flame
kernel PDF, but for multiple temperature iso-surfaces throughout the flame
structure. In Fig. A.1 (b,c,d), the results are compared against the actual
flame kernel and planar flame DNS data at three different time instants.
The similarity of both convolutions confirms the dominant effect of mean
flame kernel curvature over the actual shape of the PDF (characterized by
higher order moments). After the initial ignition phase, the model predicts
a heat release rate that falls between the two DNS results, as expected. In
order to develop a more accurate model based on the present approach, a
description of the curvature-conditioned heat release rate of flame kernels
would need to be incorporated.
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Figure A.1: Curvature-conditioned mean heat release rate on the TmaxHR-iso-surface (a).
Convolution of two curvature PDFs with the heat release rate conditioned on curvature
of a fully developed planar flame at t = 0.37τ (b), at t = 0.91τ (c), and at t = 1.92τ (d).
For the flame kernel results, the earlier two times are computed with four realizations, the
last time with only one.
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